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1. INTRODUCTION

A rational function is said to be of #ype [m, n] if it can be written in the
form

(5o -+ 812 - =+ 5,20/(tg + 11z + o0 A 2™, Z |ty | # 0.

Corresponding to a given power series

PO=Y azt (@ #0) 1)

k=0
and nonnegative integers m and », there exists a unique rational function
Tonil(2) = (in,(2)[Vr0,n(2)) 1.2)
of type [m, ] satisfying a formal identity

P(2) vy, u(2) — um,n(z) = Apyniaz™H - Am+n+2zm+n+2 + -, (1.3)
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NEWTON-PADE APPROXIMATION 367

where the 4, are complex constants (possibly zero). The function i, (2}
is called the {m, n] Padé approximant of P(z) and the double infinite array

To,0 Foa Fo,2
.0 i1 1,2 (1.4)
1.4

Ta.0 Faa Tag

is called the Padé table of P(z) [4, 14, 17]. In recent years many applications
of Padé approximants have been found in theoretical physics, chemistry, and
engineering (see, for example, [1, 2, 5, 6, 11]).

Formal Newton series

f@=a+ Y, ak[ﬁ ) 1.5

k=1 J=1

provide a simple generalization of power series. Their partial sums are
sometimes used to represent interpolation polynomials with interpolation
points {f;}; the coefficients g, are then divided differences [7]. In Section 2.2
it is shown that there exists a unique rational function R, .(/f, z) corre-
sponding to (1.5) in a manner completely analogous to the correspondence
of the [m, n] Padé approximant (1.2) to the power series {1.1). Thus the
function R, .(f,z) is a natural generalization of the Padé approximant
Fmnlz) and is referred to herein as the [m, n] Newton—Padé approximant
(Section 2.2). Newton-Padé approximants have recently been studied by
Saff [15], Karlsson [12], and Warner [21, 22].

The purpose of the present paper is to develop some additional basic
properties of these rational approximants, The concept of normality is defined
in Section 3 and necessary and sufficient conditions for normality are given
in Theorem 3. In Section 4 we investigate the continuity of an [m, n] Newion-
Padé approximant R, .(f, z), considered as a function of its Newton coeffi-
cients dg , &y ,..., dpy, and interpolation points By, Bs ..., Brrnsy- The
continuity results (given in Theorems 8 and 9) are in the same spirit as the
following theorem of Walsh [19]: For a given power series (1.1) let r,, (¢, z)
denote the rational function of type [m, n) of best approximation to f(z) on the
disk{z: | z | < €} in the sense of Tchebycheff (uniform norm). If the determinant

1
ay, Any " Apomia l
Apyy a, IR /R
. i
Aprm—  Apem 7" ay l

does not vanish, then as e approaches zero, r,, (e, z) converges to the [m, n}
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Padé approximant r,, (z) of (1.1), uniformly on compact sets containing no
poles of r, (z). Other results of this type have recently been given by
Walsh [20] and Karlsson [12]. In Section 5 we prove two convergence
theorems for Newton-Padé approximants. The first of these (Theorem 10)
gives necessary and sufficient conditions for uniform convergence of certain
sequences of Newton-Padé approximants. The second (Theorem 12) gives
sufficient conditions to ensure that if a sequence of Newton-Padé approx-
imants converges uniformly, then its limit will be equal to the expanded
function. These theorems are analogs to results given by [10] for Padé
approximants; but it is shown by means of an example (preceding
Theorem 10) that complete analogs cannot be found. Other illustrative
examples are given in Sections 3 and 4. In Section 1.1 we develop certain
algebraic operations for formal Newton series and a brief summary of facts
about Newton series expansions of analytic functions is given in Section 4.1.

The following notations are used in this paper: if fis a function defined on
a set K then || f|lx = sup{| f(2)|: z € K}. We call a simple, closed, rectifiable,
positively oriented curve a “‘scroc.”

2. NEWTON-PADE TABLE

2.1. Formal Newton Series

DrerinitioN 1. A formal Newton series (FNS) is an ordered triple
[{an}ff, {ﬂn}g)n {fn}lo)o]a Whefe Qo> 5 dg ... and 181 ’ [3)2 2 183 seen ArC Complex
numbers (not necessarily distinct) and for each » = 0,1, 2,..., f, is the
polynomial

fiD) =Y auan2), 2.1a)
k=0
where
wo(2) = 1; wy(z) = ﬁ(z —B), k=123, (2.1b)

and where z is a complex variable. The a,, , 8, , and f,, are called, respectively,
the nth Newton coefficient, interpolation point, and partial sum of
[}, {But, {fx}] and a FNS is said to converge at z if the sequence of partial
sums {/,(z)} is convergent. When convergent, the limit lim f,(z) is called the
value of the FNS at z. For convenience (when there is no danger of confusion)
we may use the symbols fand

F@) =Y anwn() 22)

n=0
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to represent the FNS [{a,}, {B.}, {fx}]. As in many other similar situations
in analysis, the symbols (2.2) are used to denote both the infinite process and
the value of its limit, when it exists.

Remark. We note that a compleﬁc constant ¢ and the polynomial
= = Brwylz) + (z — By) are (finite) formal Newton series. Some arithmetic
operations for formal Newton series are given by the following:

DERINITION 2. Let f(2) = Yy o drwi(z) and g(z) = Sry crwi(z) be FNS
with interpolation points {8} and let ¢ be a complex number. We define:

() (f+ 902D = Tiso (@ + ) wi(z),

(0) (¢ f)2) = Tiso (¢ a) wul2),

(© (z-1)2) = aPrwe(z) + Xt @iy + @i Bisr) 0i(2),

(d) He=#B,,i=123,.,then f(2)/(c — 2) = Ty buor(2),

where

by = ay/(By — ¢); by = (@ — br—)/(Brws — ©) - k=1,2,3.. (23

Remarks. 1t is easily verified that if #(z) = 3;_, byw,(2) is 2 FNS given
as in Definition 2d, and (z —c)Aa(z) is the FNS determined by
Definition 2a,b.c, then

f(z) = (z — ¢) (z).

Every FNS (2.2) determines a function f defined at the points of convergence
of the partial sums (2.1a). Clearly, (2.2) always couverges (at least) at the
points By, By, B3 .... . Conversely, in Section 4 it will be seen that under
certain conditions a function f will determine a FNS expansion with a given
sequence of interpolation points {f,}.

If a, = 0 for k = n + 1, then (2.3) is a finite (or terminating) FNS and
defines a polynomial in z of degree not greater than n. Conversely. as an
immediate consequence of Definition 2, every polynomial of degree n
determines a unique (finite) FNS with the given sequence of interpolation
points {B,]. From Definition 2 it is also clear that the product (multiplication)
of a FNS by a polynomial is a well-defined FNS (with the same sequence of
interpolation points); the quotient (division) of a FNS by a polynomial is
a well-defined FNS (with the same sequence of interpolation points) provided
the (divisor) polynomial does not vanish at any of the interpolation points.
The following theorem provides further useful information concerning
multiplication of a FNS by polynomials.
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THEOREM 1. Let f(z) = Yuoawwi(z) be a FNS with interpolation
points {B,}. If m, v and p. are positive integers, let K denote the sum of all
products consisting of m factors of the Bis with v—pu+1<i<v
KM = 0,ifm <Oorifp <1; KO = 1if p > 1). Then:

(A) Forp=1,23,..,

2% (2) = Y, Ag,pwi(2), (2.4a)
=0
where (setting a; = 0 for i < 0)
< (9-3)
Ay = ), @iKiilim - (2.4b)

i=0

B) Ifv(z) =dy+ dyz + -+ + dnz™ m = 0, then

o2 f@) = z Breon(2), 2.5)
where
b= Y dids. 2.6)

(C) In particular, with the notation of (B),

v(z) f(z) = Z brwi(2),
k=n+m+1
ifa;=0fori=0,1,.,n+m

D) Ifc#pB;fori=1,273,.., and a, =0 for k =0,1,...,n+ m,
then

w0

f@Iz—a= Y b,

k=m+n+1

where the coefficients b,, are defined by (2.3).

Proof. Tt can be verified directly from the definition of the K™, that

voik 3

K& 4 B K5 = K, j=0,1,pp=1,23,.. .7
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The proof of (A) is by an induction on p. The case p = 1 follows immediately
from Definition 2¢. Now assume that (2.4) is true for 1 < p < n. Then

2 (2) = 2(z* Y (2) = 2 Y, Ap,nywi(2), (by induction hypothesis)

k=0

= A, n-—lBle(z) + Z (Ap-1,n-1 lBk-LlAk 1) Wi(2),
(by Definition 2¢)

= Z Ak,nwk(z)a
k=0
where the A4, _, satisfy (2.4b), since

( — ( )
Agn = Agnafr = (3K 1)) B = @Ky,

and, fork = 1,2, 3,...,
Apn = Aptna + ArnaPri

n—1
- ) . . .
= 3, @ik K5 + Brest Z ;K 7&111711 (by induction hypothesis)
=0 i

( —3) (n—1—4)
a,_ (K, zcia J1 + ﬁk+1K7a:‘L1,5+]1

il
Ms

[
1
=

g 7?:-;?3+1 (by 2.7)).

I
s

.
1
=]

Part (B) is an immediate consequence of (2.4). Part (C) follows from (2.6)
and the fact that A, ; = 0 provided a;, =0 for all i =k, k — 1,....&k — .
Part (D) follows immediately from (2.3) and this completes the proof.

2.2. Newton—Padé Approximants

DermuaTioN 3. I u(z) and o(z) are polynomials in z, v(z) not identically
zero, then (i, v) is called a rational expression. Two rational expressions (&, v}
and (u*, v¥) are said to be equivalent, denoted by (u, v) ~ (u*, v*), iff

u(z) v¥(2) = u¥(2) v(2); (2.8)

they are calied equal, denoted by (u, v) = (u*, v*), iff there exists a nonzero
complex number ¢ such that

a-uz) =u*z), a-v(z)=1r%@G). 29
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A rational expression (u, v) is said to be of type [m, n] iff the degree of u is
at most # and the degree of v is at most m.

Remarks. Equivalence and equality of rational expressions are both
equivalence relations. If two rational expressions are equal, then they are
equivalent, but not conversely. The equivalence class of all rational
expressions equivalent to a given rational expression (u, v) determines a
unique rational function R, represented by

R(z) = p(2)/q(2),

where ( p, g) is the rational expression (uniquely determined up to equality)
such that ( p, ¢) ~ (4, v) and p and ¢ are relatively prime polynomials.

THEOREM 2. Let f(2) = Yy o @xwi(z) be a ENS with interpolation points
{B;} and let m and n be (fixed) nonnegative integers. Then: (A) If u(z) =
Cowo(2) + crwy(2) + - F+ cpwn(2) and v(z) = dy + dyz + - + dz™, then a
necessary and sufficient condition that the FNS vf — u be of the form

(2) f(2) — u(2) = bpymi1@nimia(2) + bﬁ+m+2wn+m+2(z) + -

‘ (2.10)
is that the coefficients ¢; and d; satisfy the system of equations

dyAoo + diAox + 0 + dndom = Cp

dOAl,O + dlAl,l + e + dmAl,m =
o : : : : (2.11a)

dOAn,O + dlAn.l S dmAn,m = Cp

d n+1o‘l’d1An+11+ _,_dAn-Hm:O

: (2.11b)

d(]An+m ] + d1 n+m,1 + 4 d, An+m m 0»

where the A, , are defined by (2.4b).

(B) There exists a unique (up to equivalence ~) rational expression (u; v)
of type [m, nl, such that the FNS v(2) f(z) — u(z) has the form (2.10).

Proof. (A) By Theorem 1, letting ¢, = 0 for & > n, we obtain

o) f@) — u@) = 3, ()"f ddy; — ck) w(2), @.12)

k=0 \ j=0

of which (A) is an immediate consequence. To prove (B) we note that (2.11b)
is a homogeneous linear system of m equations in (m —+ 1) unknowns. Hence
there exist d, , d, ,..., d,, , not all zero, satisfying (2.11b). Having chosen such
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d; , we choose the ¢; to satisfy (2.11a) and the resulting rational expression
(u, v} is of type [m, n] and satisfies (2.10). To prove the uniqueness of (u, v),
we let (u*, v*) denote an arbitrary rational expression of type [m. n] such that

v (2) f(z) — u*(z) = b:+m+1wn+m+1(z) + D s®nimea(z) + . (2.13)

By Theorem 1(C), v(v*f — u*) and v*(f — u) are both FNS whose first
# - m + 1 coefficients are zero. Hence

¥z u(z) — v(z) u*(2)
= v(2)[v¥(2) f(2) — uX@)] — v*@)e(z) f(z) — u(z)]

is also a FNS whose first n + m <+ 1 coefficients vanish. But 0¥y — pu* is a
polynomial of degree at most n + m and therefore must be identically zero.
Thus (u*, v*) ~ (u, v), which completes the proof.

DEFINITION 4. Let f(z) = Y, o axwi(z) be a FNS with interpolation
points {B;}. Corresponding to each ordered pair of nonnegative integers
(m, n), Theorem 1 asserts the existence of a unique rational function

such that (2, ., Q... 18 a rational expression equivalent to a rational
expression {(u, v) of type [m, n] satisfying (2.10). R, .(f, =} is called the {m, #]
Newton—Padé approximant of f(z). The doubly infinite array

Ryolfs 2) Ry (1, 2) Ry o(f; 2)
Ry olf 2) Ry 1(f; 2) Ry o 2)

(2.15
R, o(f, 2) R, {(f, 2) Ry o(f, 2)

is called the Newton-Padé table of f(z).

Remark. Tt is easily seen that in the special case when all 8, are zero, the
FNS f(z) = T apwi{z) reduces to a formal power series 3. a,z® and the
Newton-Padé approximant R, ,(f, z) becomes the [m, n] Padé approximant
of f(z). Thus R, .(f, z) is a generalization of the [m, n] Padé approximant,
corresponding to (the more general) formal Newton series. This accounts
for our use of the term Newton—Padé approximant.

Let f(z) = T auwi(z) be a FNS with interpolation points {5;}. Let (u, v)
be the unique (up to equivalence ~) rational expression of type {m, n] such
that the FNS (z) f(z) — u(z) has the form (2.10). If v(8,) = 0 for some i
suchthat1 < i < m + n + 1, then (by (2.10) u(8;) = »(B;) = 0. Moreover.
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if Ry..(f; B:) = f(B;), for some i such that 1 <i<m -+ n-+ 1, then it
follows from (2.10) and (P, , Qu.n) ~ (u,v) (see Definition 4) that
v(B;) = u(B;) = 0.

The [m, n} Newton-Padé approximant R, ,(f, z) may interpolaie to f(z)
in some, all or none of the points S, , Bs ,..-s Bmins1 - In the special case in
which these points are all distinct, R, ,(f, z) has the following property:
If R*(z) is a rational function of type [m, n] that interpolates to f(z) in at least
the same subset of {B; , Ba ,.--» Bruyniat 85 R o([f 2), then R*(z) = R, ,(f, 2).
Hence R, .(f, z) can be referred to as the best interpolating rational function
of f(z). When the B; are not all distinct, the question of interpolation of f(z)
by R,...(f, z) becomes much more complicated (see, for example, [13]) and
will not be further dealt with here.

3. NORMALITY

DerINITION 5. Let f(z) = 3o awwi(z) be a FNS with interpolation
points {8,} and let m and n be nonnegative integers. Then the [m, n] Newton—
Padé approximant of f

Ry o(fs 2) = (Piu S 2)/Qmnlfs 2) (P, and Qp, , relatively prime)
3.1
is said to be normal if:

(a) the degrees of P, ,.(f,z) and Q. .(f, z) are exactly n and m,
respectively, and

(b) The FNS Q,,..f — P.» has the form
Qm,n(f; Z)f(Z) - Pm,n(f; Z)

= by ns1Pmins1(2) + OppinsoOminsa(2) + - (3.2)

where b,,,,.1 % 0.

The FNS f(z) and the Newton-Padé table of f(z) are both said to be normal
if all Newton-Padé approximants R,, ,(f, z) are normal.

We note that the above definition of normality reduces to that for Padé
approximants in the case when all 8, = 0. We also mention that if the
Newton-Padé approximant R, ,(f, z) is normal, then it satisfies the inter-
polation property

Equation (3.3) can be seen from (3.2) and the fact that Q, .(# B:) 5% 0
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i==1,2,...,m-+ n- 1 (which is a consequence of (3.2) and the property
that Q,, , and P, , are relatively prime polynomials).

The following theorem gives necessary and sufficient conditions for
normality of a Newton-Padé approximant.

THEOREM 3. Letf(z) = 3 awwi(z) be a FNS with interpolation points {B;},
let m and n be nonnegative integers and let

AV,O Av.l Amu
D=1 Dup=|tme Ao e gy
Av-)-u,o AV*M.I e AV%-u,u

wrv=01,2,..,

where the A, , are defined by (2.4b). Then the [m, n] Newton—Padé approximant

Ry il /> 2) = Prualfs /O£y 2) (P + Q. relatively prime) is normal if
end only if the determinants D,y . 1(f)y Dppiilf), and D, (f) are all
nonzero and the FNS Q,, .f — P, ., has the form

an(fr Z)f(Z) - Pm,n(fa Z)
= Dt 1@mini1(2) + D inia®ininieo2) + o (3.5
Theorem 3 is an immediate consequence of the following two lemmas.
LeMMA 4. Let f(z) = 3, aywi(2) be a FNS with interpolation points {B,},
and let m and n be nonnegative integers. Then:

(A)y A nontrivial solution, cy,...,cp, dy,....dn, to the system of
equations (2.11) is determined uniquely (up to a nonzero multiplicative constant)
if and only if

Dy (f) # 0. (3.6)

(BY Ie,.dy,..,d, satisfy (2.11), then

An,o An,j~1 Cn An,j—:-l An,m
By D) = | Ao w0 v A (3
An+m,0 An+m,a‘~1 0 Apimger A'n-Lm,'m

j=01..,m

640/17/4-6
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(C) In particular, if Dy, (f) # 0 and d; ,..., dy, satisfy (2.11), then we
can choose ¢,, = 1 and obtain

An,o An,:i—l 1 An,i—i—l An,m
An+1,0 e An+1,J'—1 0 An+1,i+l o An+1,m
_ An+m,o An+m,7'~1 0 An+m,i+1 An+m,m
4= DD + 69

Jj=0,1,..,m.

Remark. Lemma 4 is an immediate consequence of Cramer’s rule [16].
We note that the existence of a nontrivial solution to (2.11) was asserted by
Theorem 2. Lemma 4(A) merely gives a necessary and sufficient condition
for the uniqueness of such a solution.

LEMMA 5. Let f(z) = Yy axwi(z) be a FNS with interpolation points {5;},
let m and n be nonnegative integers and suppose that the [m, n] Newton—Padé

approximant Ry, .(f, 2) = Ppu,u(f, 2)|Qu.u(f, 2) (P, » Om.n relatively prime)
is such that the FNS Q,, .f — Pn.. has the form (3.5). Then

(A) D,..(f) # 0if and only if degree P,, , = n.

(B) If Dpu(f) # 0, then Dy_ynis(f) 50 if and only if degree
Qm,n = m.

(C) UD7n,n(f) 7é O and Dm—l,n+1(f) 7& Oa then Dnz,n+1(f) # 0 lfdnd
only if (in (3.5)) byinia # 0.

Proof. 1t follows from Theorem 2 that (P, , , Oum.») is the unique (up to
equivalence ~) rational expression of type [m, n] such that the FNS
Ow.nf — P, has the form (3.5). Letting P, .(f, 2) = cowo(z) + crwy(z) +
o+ cuwz) and Qn.(f,2) = dy + diz + - + dpz™, we see from
Lemma 4(A) that (P, , Oum.») is determined uniquely (up to equality) if and
only if D,, (f) % 0.

Now to prove (A), note that if D,, ,(f) # 0 and ¢, = 0, then it follows
from (3.7) that d; =0, j =0, 1,..., m, which contradicts the fact that
O/, z) is not identically zero. Thus ¢, # 0 if D, ,(f) #% 0. Conversely,
suppose Dy, o(f) = 0. Then by Theorem 2 and Lemma 4(A), there exists a
rational expression (u*, v*) of type [m, n] such that FNS »*f — u* has the
form

v*](2) f(2) — u*(2) = dpins1Pmini1(Z) + Apinsomini2) +
(3.9
and
@*, v*¥) # (P, » Omyn)- (3.10)
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But from Theorem 2
W*, v*) ~ (Pr.n 5 Orarn)- (3.1

Since P, , and @, , are relatively prime, we conclude from (3.9} and (3.11)
that deg P,, , << degu* < n. Hence ¢, = 0, which proves (A).
To prove (B), suppose that D,, ,(f) 5= 0. Then by (3.7)

dm - ((____l)m anm—l,nJrl(f)/Dm,n(f))b (312)

from which (B) readily follows.
To prove (C) we note that the coefficient b,,,,,; in (3.5} is given (from (2.6))
by

bm+n+1 = Z dJ'A7n+n+1,.'i . (3]3}

=0

Applying Cramer’s rule to the system of equations consisting of (2.11b) and
{3.13) gives

dm ' Dm,n-i—l(f) = bn+m+1 : Dm—l.n+1(f)' (314)

I Dyff)#0 and D, ,..1(f) 540, then (by (B)) 4, = 0 and hence
Doy 7 0 if and only if D, ,,..(f) = 0, as asserted by {C). This completes
the proof.

To achieve Lemma 5 for the Newton—Padé table we employed the ideas
outlined by Perron [14] and Gragg [4] for the Padé table. Both Perron and
Gragg, however, make use of the fact that the Padé table has a “square”
structure in the following sense: if R(z) is any approximant in some given
Padé table then there exist integers r, m, v = 0 such that R{z) belongs to
exactly the (r + 1)? entries [m 4+ k,n+j] (j.k = 0,...,r) of the table.
That is, R(z) occupies exactly the r -~ 1 by r 4+ 1 square in the table having
vertices [m, nl, [m +r,nl, m,n -+ #], and [m + r,n + r]. This “square”
structure is not, in general, present in the Newton-Padé table as illustrated
by the following:

ExampLE 1. Let f(2) = Y50 auw(z) be a FNS where

Ay ==y = 03 = A5 = Qg = Ay = 1}
a, = 0

a, = —1; and

a; =0, for k=28

B = k, for k> 1.



TABLE I
Upper Left 4 x 3 Block of Newton—Pad¢é Table for Function Considered in Example 1

0 1 2 3 4
1 z z 22 —6224-12z—6 —30+62z—412%+ 1123 —2z4
2 z(z—4) , z2(z—4) z (z8—622+12z—6)(5—2)
—_— Z r~ D e
3—z z—4 z—4 5~z
—6 6—4z z(z—4) 2(z—4)(z—06) 150—4022+4-24022—582% 452+
— e — —————~
—~11462z—2*% 7T—6z-2z% z—4 (z—4)z—6) —97+352z—32%
30 10(z—3) 10 30—42z4-822 150+4382—230224272% 11724 — 14724 662822— 113342285

67—52z41722—-228 (22—82—§—17)(z—3)N z2—82z+4+17 19—33z--1122—z% 743 —435z+4-8222—52% —55394-2733z—431224-222%

8LE

SANO{ ANV IDONTIVD
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Then
J@A=1-0E-D+CE-Dz-2E-3)~-DE-2)@z-3)z-4
#G-0+ 160+ 1 E-b,

and
fB)=fD =1,
fBo) = f(2) =2,
f(Bs) =f(3) =3,
f(Bd) = f(4) = 10,
FBs) =f(5) =35,
f(Be) = f(6) = 66,
F(Ba) = f(7) = 1027.

Table 1 shows the upper left 4 X 3 block of the Newton—Padé table for f(z)
and clearly illustrates that those entries occupied by the rational function
R(z) = z do not form a “square.”

We finally note that Ry s(f, z), Ry1(f: 2}, Ryo(fs 2), Ris(fs 2)s Raolfs 2),
R, 4(f, z), and Ry ,(f, z) are not normal since they do not satisfy condition (a)
of Definition 5. It is easy to verify (by Definition 5) that Ry o(f; z} = 2/(3 — z2)
18 normal (a fact which we will use later in the remarks following Definition 9
in Section 5).

4. CONTINUITY

Some sufficient conditions to ensure that an [m,n] Newton-Padé
approximant R,, .(f, z) varies continuously with the Newton coeflicients g,
and interpolation points f; are given in Section 4.2. First however, in
Section 4.1 we summarize properties of FNS expansions that are used in both
Sections 4.2 and 5. References are given for the proofs of Theorems 6 and 7.

4.1, Newton Series Expansions

DreFiNtTION 6. Let B8, 8, ,..., 8, be a (finite) sequence of complex
numbers, in which there are exactly ¢ distinct numbers, denoted by 5y,
By',.... B). For each i such that 1 <7 < ¢, let ¢ denote the number of
occurrences of B, in the sequence B, ...., B8, . If f(z) and g(z), are functions.
holomorphic at each of the points 8;',..., 8,, then g(z) is said to inferpolate to
f(2) in the sequence of points By, Ba s.e, By » If

gm(ﬁi]) = f(j)(ﬁi/)’ .] = O: 1:---: gz 3 l == L 29"'> q (41)
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THEOREM 6. Let {B,;} be a sequence of complex numbers (not necessarily
distinct) and let f(z) be a function that is analytic at each B; , i = 1,2, 3,... .
Then:

(A) For each n =0, 1,2,..., there exists a unique polynomial s,(f; z),
of degree not greater than n, which interpolates to f(z) in the sequence of points
B1 s Ba seees Buia [3, Chap. I, Example 6].

® I
iD= 3 aPwn2), @.2)

k=0
where wy(z) = 1 and for k = 1, wy(z) = I"[;c (z — B.), then
a® = g™k =01,.,n; n=0,1,2,.; m=0,1,2.., (43)
[18, pp. 52-54].

DerNITION 7. Let {B,} be a sequence of complex numbers (not necessarily
distinct) and let f(z) be a function analytic at each B,, i =1, 2, 3,.... If,
foreachn = 0, 1, 2,..., a, = a®, the coefficient of w,(z) in (4.2), then

> awn@), @.4)

where wy(z) = 1 and wy(z) = H’lc (z — By, is called the formal Newton series
expansion (FNSE) of f(z) with respect to the sequence of interpolation points
{B:}.

In practice, the coefficients a;, in (4.4) can be computed by means of divided
difference methods (see for example [7, Chap. 2]). We note that the nth
partial sum of (4.4) is simply the polynomial s,(f; z) of degree not greater
than n which interpolates to f'in the finite sequence B, , B ..., Buss - Thus the
formal Newton series expansion of a function f(z) always converges to f(z)
at the points §3; .

The following theorem gives sufficient conditions to ensure Cauchy integral
representations of the coefficients g, , partial sums s,(f; z) and remainders
f(2) — s.(f; 2) for a formal Newton series expansion of a holomorphic
function f(2).

ToEOREM 7 (Walsh [18, pp. 52-34]). Let {B;} be a bounded sequence of
complex numbers (not necessarily distinct) and let f (2) be a function holomorphic
within and on a scroc C whose interior Int(C) contains all B; , i = 1,2,3,....
For eachn = 0, 1, 2,..., let a,, and s,(f;, z) denote the nth coefficient and partial
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sum, in the formal Newton series expansion of f(z) with respect to the sequence
{B3}. Then, forn =0, 1, 2,...,

fé
o ~ 2mi f ¢ Wpa(§) %, (4-32)
o[ 2) = 2m C“’;fz o g‘”nﬂgz) f(& dE,  zelnt(C), (4.5h)
1@ = i) = 5z [, wjffg()z()gff)z) £, zelnt(C). (450

Remark. We note that if f(z) satisfies the conditions of Theorem 7 and
hence has a FNS expansion Y, , a,w;(z) then the coefficients of the FNS
expansion Yy, ruwi(2) of A(2) = f(2)/(z — c) given by Theorem 7 (where ¢ is
not interior to the scroc C) are the same as the FNS Y'; o myw,(2) for A(z)
given by the division algorithm of Definition 2d. To see this, note that

1 ¢
ro=3— fc — i )3 dt = hB), by the Cauchy Integral formula

and that for any k > 0,

Ay — Py _ sz [ f(@) () ]

Bimi—c W) — ¢) (D)

_ 2_;; L [_@M dt] /(BM — 9

(¢ — ) wpa(®)

1 f h(t)

T 2mi Jo wpa(t)

dt =ry, by Theorem 7.

Thus, the r, satisfy the same recursion formula (2.3) as the 7, , and since
1o = m, the claim is established.

4.2, Continuity Theorems

This section contains two results on continuity of the [m, n] Newton-Padé
approximant considered as a function of the Newton coefficients {g;} and
interpolation points {8;}. The first result (Theorem 8) shows that the [m, #]
approximants of two formal Newton series will be arbitrarily close (uniformly
on certain compact sets) if the Newton coefficients and interpolation points
are sufficiently close. A similar conclusion is asserted by the second result
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(Theorem 9), but there it is assumed that the formal Newton series are both
expansions of the same analytic function so that the Newton coefficients vary
continuously with the interpolation points.

THEOREM 8. Let f(2) = Yo aywy(z) be a FNS with sequence of inter-
polation points {B;}, and let m and n be (fixed) nonnegative integers such that

Dy, o(f) # 0, (4.6)

where D, (f) is the determinant defined by (3.4). Let R, .(f,z) =
Poolfs 2)Om.a[, 2) denote the [m,n] Newton-Padé approximant of f
(P, and Q,, ,, relatively prime). Then

(A) For each positive number € and compact set E such that E contains
no poles of R,,,.(f, z) and

B.¢E, i=1,2.,m+n+1, (4.7)
there exists 8 > 0 such that

1’1;12};( I -Rm,n(fa Z) - Rm,fn(f*, Z)f < €, (48)
when
lae, — a,* | < ) andl max | Bz _ ‘81* | < 3, (4.9)

max
O<k<{m+tn <ism+ntl

where f* is a FNS with coefficients {a,*} and interpolation points {3,;*}.
(B) If, in addition, the FNS Q,, .f — P,,.. has the form

Qm,n(f; Z)f(Z) - Pmn(f; Z)
= Diini1®mint1(Z) + Bmintio@minse(2) + o, (4.10)

then statement (A) holds without the requirement (4.7).

Proof. Let E be a compact set such that E contains no poles of R, .(f, z)
and (4.7) holds, and let € > 0 be given. By Theorem 2(B), there exists a
unique (up to equivalence ~) rational expression (u, v) of type [m, n] such
that FNS vf — u has the form

v(2) f(2) — u(2) = bpini1®mini1(Z) + Dipynio@minioz) + -, (4.11)

where w(z) = [Ty (z — B;). By Definition 4, (u,2) ~ (Pp.p, Oma). If
u(z) = co + cw(z) + - + cowz) and v(z) = d, + diz + - + d,z, then
it follows from Lemma 4(A) (since D, ,(f) 5= 0) that the coeflicients
Cp 5eees €, and dj ..., d,, are uniquely determined up to a nonzero multi-
plicative constant; by Lemma 4(C) we can choose ¢, = 1, so that the



NEWTON-PADE APPROXIMATION 383

coefficients d, ,..., d,, are given by (3.8) and the coefficients ¢ ,..., ¢,, are
then given by (2.11a).

Our first task will be to show that E contains no zeros of v(z). To see this,
suppose that cisa zero of o{z) but ¢ £ B;,i = 1,2,...,m + n -+ 1. To show
that ¢ is a pole of R, .(f,z), it suffices to prove that u(c) 5= 0, since
(@, 0) ~ (Ppun > Om.n). Assume u(c) = 0, and define polynomials # and ¢ by
u(zy = (z — ¢) d(z) and v(z) = (z — ¢) 9(z). Clearly, 9f — @ is a FNS with
interpolation points {8,}; since ¢ = 8;, i = 1, 2,...,m + n + 1, it follows
from {4.11) and the relations (2.3b) that 4f — 4 has the form

'ZAJ(Z)f(Z) - 12(2) = I;m4n+1wm+n+1(z) + 5m+nJ—2wm+n—L2(2) + e (412}

But (4, 9) = (u, v). This contradicts the assertion of Lemma 4(A) (stated
above) that (u,v) is determined uniquely (up to equality). Hence our
assumption u{c) = 0 is false, and we conclude that E contains no zeros
of v(z).

Now consider another FNS f* with coefficients {g,*} and interpolation
points {8,*} and let D, (f*) denote the determinant for f* corresponding
to D,..{f) (see (3.4)). Since D, (f*) is a continuous function of a,%,
at., af, and By By, B ..., there exists &, > 0 such that
Dm,n(f*) 7> 0ifmax0<k<m+n l ay — ak* \ < 81 and MaAXy<Gmrnsy | /gz - /gi* * <
8 . For each such f*, it follows from Lemma 4{A) that there exists a unique
(up to equality) rational expression (u*, v*) of type [m, n] such that the
FNS v*f — u* has the form

1’*(Z)f*(z) - u*(z) = b;+n+1w;+n+1(z) + b;—'rt+2w;+n+2(z) 4+, (413)

where w,*(z2) = ILs (z — B;¥). Thus if u*(z) = c,* + ci*w,*(z) + - -+
e ¥ 0, *(2) and v¥(z) == d,* -+ dy*z + - 4 d,*z™, the coefficients ¢,* and
d,* are determined uniquely up to a nonzero multiplicative constant and
we may take ¢,* = 1. Hence the coefficients d4,*,..., d,,* and ¢,*,..., ¢ ; are
given by (3.8) and (2.11a), respectively, with * inserted as superscripis
throughout. By the continuity of the relations defined by (3.8) and (2.11a),
it follows that given 5 > 0, there exists 8, > 0 such that

max — o % nd max — . * ) 4.14Y
0~<Jca<n K ol <na o<ka<m | dy ST @14
provided
gk — g% 4
Oggéxﬂ lay — a,* | < 8, and Kirgayinﬁ LB, — B,®1 <<38,. (4.15)

Since for z€ E, R, (f,2) = u(z)/v(z) and R, .(f* 2) = u*(@)/v*(z), one
can show that there exists » > 0 such that (4.8) holds provided (4.14) and
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(4.15) hold. Thus we have shown that if 8 = min[¢, , 6,], then (4.8) is
implied by (4.9), which proves (A).

To prove statement (B), we note that (4.6) and (4.10) imply (by
Lemma 4(A)) that (u, v) = (Pu.n > Om.») and hence a zero of v(z) cannot be
in E (even if (4.7) does not hold). The remainder of the proof of (B) is
identical to that of (A) and this completes the proof of Theorem 8.

THEOREM 9. Let f(2) bé a function holomorphic within and on a scroc C.
Let {B,} be a sequence of complex numbers each contained in Int(C) and let
3y aywi(z) denote the formal Newton series expansion of f(z) with respect to
{B:}. Let m and n be ( fixed) nonnegative integers such that

Dpof) #0 (4.16)

where Dm,n(f) is deﬁned by (34) and let Rm,n(f; Z) = -Pmn(j; Z)/an(f; Z)
denote the [m, n] Newton—Padé approximant of 3. aywy(z) (Pm., and Q..
relatively prime). Then

(A) For each ¢ > 0 and each compact set E such that E contains no poles
Of 'RWZ.TL(f; Z) and
B: ¢ E, i=1,2,...,m+n-+1, 4.17)

there exists 8 > 0 such that if {B;*} is another sequence of complex numbers
contained in Int(C) and if RY .(f,z) denotes the [m,n] Newton—Padé
approximant of the FNS expansion of f(z) with respect to {B;*}, then

max | Rpa(f; 2) = Rialfy 2] < & (4.18)

provided
max | B; — B:*| < 6. (4.19)

I<is<mtntl

(B) If, in addition, the FNS Q.. of — Pmn.n has the form (4.10), then
statement (A) holds without the requirement (4.17).

Proof. The coefficients {g,} in the FNS expansion of f(z) with respect to
the sequence {B;} are given by (4.5a). If {a,*} denotes the coefficients in the
FNS expansion of f(z) with respect to another sequence {8,*}, then by (4.52)

| — a* | = (1)20) [ (F@eora@) d — [ (F@)iia() |

where wi(&) = TTo (€ — B) and w*(&) = TToy (€ — B:®). Thus for each
k= 0,1, 2,..., there exists a constant M, such that

| ap — a,* | < M, gelgx | () — w;ck+1(§)| .
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Therefore, maXggcmin | a5 — @* | can be made arbitrarily small, if
MaXyGemants | Bs — Bi¥ | is sufficiently small. As a consequence, Theorem 9
follows immediately from Theorem 8.

Exampire 2. The following example shows that the assumption that
D,, (/) be nonzero is not sufficient for the conclusion of Theorem 8(A)
and that the added assumption (4.7) is needed: Let the FNS f(z) =
S o mpwi(z) be chosen so that

ay = a, = 1; a, = 0; and a, = 0 for k=3,

and so that
B =k, forall k=1,2,3,..
Then
f@O=14+(z—1)z—2).
Since (z — 3)f(z) — (z — 3) = w4(z), then R {f,z) ~{z— 3)/z— 3.
That is,
Ri.(fiz) =1
Choose the ENS f*(z) = Y5 o @, ¥w,*(2) so that

a,* = a, forall k=1 and a* £ 0,
and
Be* = B for all k.
Then

Y@y =14+ a¥z— 1)+ (=z— D)z~ 2).
It is easy to show that
Ri(f* 2) = B+ (@ (z — 1) + a2 — z)/(a;* + 3 — 2).

Now, Ry(f,3) =1 and (since a;* £ 0) R;(f*, 3) = 2a,* + 3. Thus
we see that as ¢;* — a; = 0 through nonzero values, Ry (/% 3) — 3 &
Ry (/. 3), which implies max,.x | Ry 1(f*, 2) — Ry {(f, z)| does not approach
Zero as MaAXeCp<mtn l ay — ak* I — 0 and MAXy i<mrn+1 I ﬁi - /gj* { — 0 on
any compact set £ which contains B; = 3. Finally, we note that

AI,O Al.l
Ay Azn

@ ofs - a

a, afs+ a;

0 1}
Dl,l(f): = 1 3I: —1

so that, indeed, D, ,(f) # 0.
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5. CONVERGENCE OF NEWTON-PADE APPROXIMANTS

Two convergence theorems are given for Newton-Padé approximants.
The first result (Theorem 10) shows that under certain conditions uyniform
boundedness of the approximants is necessary and sufficient for uniform
convergence. The second result (Theorem 12) gives sufficient conditions to
ensure that uniformly convergent sequences of Newton-Padé approximants
have as their limit the value of the expanded function. Before stating these
theorems it is convenient to introduce the following:

DeriNITION 8. An ordered triple (W, U, V> of subsets of C is said to
have property 2(8, 4) if U and V are bounded and simply connected, with
boundaries denoted by Cy and Cy, respectively, such that:

(a) Woucvp,

b) CynCy= gz,

{(¢) Cyisascroc,

(d) §=minfjlv—whveCy,we W], and
() d=max[|lu—w|lueCy,we W].

DEFINITION 9. Let f(2) = Y azwi(z) be a FNS with interpolation
points {8,} and let m and # be nonnegative integers. The [m, n] Newton-Padé

apprOXimant Rm,n(/l; Z) = Pmn(f, Z)/Qm,n(.f; Z)a (Wlth Pm,n and Qm,n
relatively prime) is said to be regular if the FNS Q. ./ — Pu., has the form

Ounlfs 2) F(2) = Pl s 2) = brj10na(2) + bupownin(z) + - (5.1)

and
OmnfiB)#0, i=n+2n+3n+4,... (5.2)

Remarks. 1If an [m, n] Newton—Padé approximant R, ,(f, z) is regular,
then it follows from (5.1), (5.2), and Theorem 1(D) that f(z) — R, .(f, 2) is
a FNS of the form

f(@) — Ry [ 2) = b} 110,14(2) + Doy io(2) + .

We note that the Padé approximants are always regular. However, even a
normal Newton—Padé approximant may fail to be regular. An example of
this can be obtained from Table 1 of Section 3 where we showed (in
Example 1) that R, o(f, z) = 2/(3 — z) is normal. If R, (f, z) were also
regular, then Definition 9 would imply there exists a FNS expression
Sico brwi(z) for Ryo(f,z); and hence that R, (f;Bs) = Riof;3) =
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by — 2b, + 2b,. But this cannot happen since Table I clearly shows
R, o(f; z) has a pole at §; = 3.

On the other hand, if there are at most a finite number of distinct inter-
polation points 8; and they are contained in the set {8, , B, ,..., Bmins1}, then
normality of R, .(f, z) implies regularity. Thus we see the possible lack of
regularity of Newton-Padé approximants comes about as a result of freedom
in choosing the 8, .

TreoreM 10.  Let {m,} and {n,} be sequences of nonnegative integers such
that for some e with 0 < e < 1,

Y € < o, (5.3

v=0
For each v = 0, 1, 2,..., let R(f, z) denote the [m, , n,] Newton—Padé approx-
imant to a NS f(2) = 3. apwi(2) with a bounded sequence of interpolation
points {B;}. Let B denote the closure of the set {B,:i = 1,2,3...} and let
(B, U, V" be a triple of subsets of C with property P(8, 4) such that 4]8 < e
and such that U is an open connected set. Let D be an open connected set
containing V. If there exists a number v, such that, for v = vy, R(f, z) is
regular, then a necessary and sufficient condition for {R,(f, 2)} to be uniformly
convergent on each compact set of D is that {R,(f, z)} is uniformly bounded on
each compact subset of D for sufficiently large v.

When f5; = 0, i = 1,2, 3,..., Theorem 10 reduces to a result for Padé
approximants given earlier by {10, Theorem 1]. In the proof of Theorem 10
we make use of the following lemma; its proof can be found in [3, p. 811

Lemma 11. Let {B;} be a bounded sequence of complex numbers (not
necessarily distinct) and let B denote the closure of the set {B;:1 = 1,2,3,..}.
Let {B,U.V) be a triple of subsets of C having property (8, 4), with
418 < 1. If f(z) is holomorphic within and on the boundary Cy of V, then
{5,(f; 2)} converges uniformly on U fo f(z).

Here s5,(/7 z) denotes the nth partial sum of the FNS expansion of f(z)
with respect to the points {8;}.

Proof of Theorem 10. Suppose first that {R,(f, z)} is uniformly convergent
on each compact subset of D. Let K be a given compact subset of D. Then
there exists N such that for v 2= N, R/(f, z) has no poles in K (hence is
holomorphic in K). It follows that g(z) = lim R/, z) is defined and
holomorphic in D. Moreover, there exists N; such that

R 2l — 1 g@lx <UR(f,2) —g@x <1, for » == Ny,
(5.4)
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Thus
| RS Dk < g@lle+1,  for » =Ny, (5.5)
implying that for sufficiently large v, {R,(f, z)} is uniformly bounded on X.
Conversely, suppose that {R,(f, z)} is uniformly bounded on each compact
subset of D for sufficiently large v. Let K be an arbitrary compact subset of D.
Clearly, there exists an open connected set K, containing ¥ such that the

closure K, is compact and such that K C K, C K, C D. By hypothesis there
exist positive numbers N and M such that

|R(f.2)| <M, for v>N and zeK,. (5.6)

Thus for v > N, R,(f, z) is holomorphic on K, and hence, by Theorem 6 and
Lemma 11, the FNS expansion of R(f, z),

R{f,2) = i Wz, vEN 5.7)

with respect to the points {3;}, converges uniformly to R(f, z) on U. We write
R(f, 2) = P, 2)/Q,(f, z) where P, and Q, are relatively prime polynomials.
Then since R,(f, z) is regular, the FNS Q.,(f, z) f(z) — P/, z) can be divided
by Q,(f, z) to give a FNS of the form

f@)—R(f,2) = b;b,,+1wn,,+1(z) + b;,,+2wn,,+2(z) 4 e (5.8)

(see Definition 2d and Theorem 1(D)).
In view of the remark immediately following Theorem 7 and (5.8), we can
conclude that

v =ay, k=01.,n,v>N (5.9)

ForalléeCyandi > 1, € — B;] > 8 and hence

| wk(f)[ =

k

T € — ,Bi)‘ > 8% foréeCy,k=1,2,3,.. (510)
=1

Hence by Theorem 7

2 1 =] a2 [, R©o..@) dE| <, forv= N, (511)

where M* = M - (length Cy)/2#8. Defining

N, = max[n, , n,,4],
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we obtain forallv > N+ 1and ze U,

Rl = RGD =] 3 G =) )]

L=N,+1

< T ydP ¥ w2l
k=N,+1

<2M* Y (4] = @QM*|(3 — M)A/,
E=N,+1
since for all ze U, |z — B} <4 and hence |wy(z)] << 4% Since by
hypothesis 4/8 < ¢, it follows that

Rualfi) & Y (Roalfi2) — RAS2) (5.12)

y=N+1

converges uniformly on U provided

) (5.13)

»=0

But (5.13) is implied by (5.3) and the inequality

aq q D
PICRES (1 +2 e"”)(l + 2 e””“) . q=0
y=0 v=0 v=0
We have shown that {R,(f, 2)} is uniformly convergent on U. To complete the
proof it suffices to apply Stieltjes’ theorem [9, p. 251]: A uniformly bounded
sequence of functions holomorphic in a domain K|, converges uniformly on X
provided the sequence converges uniformly on some subdomain of X .

THEOREM 12. Let {m,} and {n,} be sequences of nonnegative integers such
that {n,} tends to infinity. For each v = 0,1, 2,..., let R(f, z) denote the
[m,,n,] Newton-Padé approximant to a FNS f(z) = Yy awwlz) with a
bounded sequence of interpolation points {B;}. Let B denote the closure of the
set {B;ii=1,2,3,..} and let {B, V, Uy be a triple of subsets of C having
property F(8, 4) such that 4)8 < 1. Let D be an open connected set containing
V. If there exists a number v, such that, for v = vy, RS, z) is regular, and if
{R{f, 2)} is uniformly convergent on each compact subset of D, then g(z) =
Lim R f, ) is holomorphic on D and the FNS Yy ayw(z) converges to g(2)
forall ze U.

When 8, = 0, i = 1,2, 3,..., Theorem 12 reduces to a similar result for
Padé approximants previously given by [10, Theorem 2].
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The following lemma, used in the proof of Theorem 12, is an extension of
the Weierstrass Double Series Theorem [8, p. 201].

LemmA 13. Let {B8;} be a bounded sequence of complex numbers (not
necessarily distinct) and let B denote the closure of the set {B:i = 1,2,3,..}.
Let {B, U, V> be a triple of subsets of C having property #(8, 4) with 4/6 < 1.
Let D be an open connected subset of C containing V and let { g,(2)} be a
sequence of functions holomorphic on D. Let

=3 &) (5.14)

be uniformly convergent on each compact subset of D, so that the function g(z)
is holomorphic on D. Let

80 = Y. Buon(2) (.15
gu(2) = f bPwyz), n=01,2,.., (5.16)

denote the FNS expansions with respect to {B;}, each converging uniformly on U
to the expanded function (Lemma 11). Then each of the series ¥, o b\™,
k=0,1,2,.. converges and

B,= Y b,  k=0,1,2,.. (5.17)
=0
Proof of Lemma 13. By Theorem 7

By = (1/2mi) fc (g®fwrn(@) dé,  k=0,1,2,..  (518)

and
b,(c") = (1/27—ri)f (gn(®)fwp () dé, k=0,1,2,...;0=0,1,2,.... (5.18b)

Thus it follows from (5.18) and the uniform convergence of (5.14) that for
k=0,1,2,...,

By = 12 (3 0u@orca®) d = 3. 200 [ (2a@fensn(®)

s

by,

n=0

i

which completes the proof.
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Proof of Theorem 12. Let K be an arbitrary compact subset of D. Since
{R,(f, z)} converges uniformly on K, there exists v, such that, for all v > »,
R f, z) is holomorphic on K. It follows that g(z) is holomorphic on D.

Let N be chosen such that for v > N, R/, z) is holomorphic on ¥ and
N = vy . If we define { g,(2)} by

gn(z) = Ry(f,2); &nl2) = Ru(fi2) — R{f,2), v =N,
(5.19)

then for all z € V, g(z) has the uniformly convergent expansion

50 = ¥ 80

each term of which is a rational function holomorphic for z € V. Each of the
functions g(z), gn(2), gn41(2),... has a FNS expansion with respect to {8},
which we denote (using the notation of (5.7)) by

2(2) = Y (), (5.20a)
k=0

gn@ = Y, yVa(2), (5.205)
k=0

gn@ =Y 08—y od), y=NN+1L., (520

A=0

where each of the series in (5.20) converges uniformiy on U to the expanded
function (Lemma 11).
An application of Lemma 13 gives

=y Y (P — ), k=0,1,2,.. (5.21)
y=N

Since (by hypothesis) R,(f, z) is regular for all v such that » > v, (and
N = ), it follows, from (5.1) and the remark immediately after Theorem 7,
that

yg’) =a, fork=0,1,..,n,,v>=N. (5.22)

Therefore, since {n,} tends to infinity, we obtain from (5.21) and (5.22) that

a=limyd =a,, forallk=0,1,2,.. (5.23)

Hence X quw,(z) = 3 cwi(z) converges uniformly on U to g(z), which
completes the proof.
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